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21 O0O0oOoOooon

A set (O00O) is a collection of elements (O O; members). (Axiomatic
set theory (0000 0OO) deals with these notions (O O) in a rigorous (O
0 0 ) manner.0 Examples (O ):

e N :={1,2,3,...} is the set of positive (O O ) natural numbers (OO
g).t

o {4,5,6}={2:2eN,3<2<7}={2eN:3<2<T}

e The set R := {z : x is a real number} of real numbers (O O ) is rep-

resented by the real line (O O O). We cannot list all its members.

e Theset I = {0 0,00 } consists of (the names of) certain individuals
(oo).

When «a is an element of a set X (a belongs to (00 O) X; a is con-
tained in (00 00) X), we write a € X. When a is not an element of X,
we write a ¢ X. Examples: 1.4 ¢ N, 1.4 €R, v2¢ N, V2 € R.

The empty set (0 0 0) () contains no element.

A set X is a subset (DD O0) of a set Y (written X C Y) if every

member (element) of X is also a member of Y
for all z, x € X impliesxz € Y.

(0000 z000002zeX02eY0OOU0OO (D02zeXUO0OzeY
00 0)0] Examples: {1,2} € {1,2,3,4}. N C R. For any set X, we have
pcX.

Example: In social choice theory (0000 O0),

e a subset S C I of the set I of individuals is often called a coalition
(0DOToo);

e a subset B C X of the set X of alternatives (O O O) is often called
an agenda (0000 0; 007) or budget set (DO OO7).

Proposition(d O) . For all sets X, Y, Z, we have
e X CX,and

e XCYandY C Zimply X C Z.
100 :=000000000000000000000000000

12



Sets X and Y are equal (00 0) (written X =Y)if X CY and Y C X.
The union (00 0) of sets X and Y is the set

XUY ={zr:zeXorzxeY}.

Example: {1,2,3}U{2,4,6,8} ={1,2,3,4,6,8}.
Proposition. For all sets X, Y, Z, we have

e XUY=YUX,

e XUD=0UX =X,

e (XUY)UZ=XU(YUZ) [these are written X UY U Z],

e XCXUYandY C XUY, and

e XUX =X.

The intersection (O 00 O) of sets X and Y is the set
XNY:={rz:zeXandzxel}

Examples: {1,2,3} N{2,4,6,8} ={2}. {1,2,3} N {4,5,6} = 0.
Proposition. For all sets X, Y, Z, we have

e XNY=YnNX,

e XNP=0NX=0[00D0 1000000],

e (XNY)NZ=XnN(YNZ)[these are written X NY N Z],

e XNYCXand XNY CY, and

e XNX=X.

Theorem (0 0). Let X, Y, Z be sets. We have

e XN(YUZ)=(XNY)U(XNZ),and

e XU(YNZ)=(XUY)N(XU2Z).

The difference (O) of sets A and B is the set
A\B:={z:x € Aand z ¢ B}.

When A C X and the underlying set X is understood, we write A° instead
of X \ A and call it the complement (00O 0) of A.

Examples: {1,2,3,4}\ {1,4} ={2,3}. {reR:z<0}*={zcR:z>
0}, the set of nonnegative (O O O ) real numbers.

Theorem (0 0). Let AC X and B C X. Then

13



o A=A

e )= X and X°¢ =0,

ANA°=Pand AUA° =X,

e A C B implies B¢ C A¢, and
e A\ B=AnNB-

A set may contain sets. A set consisting of sets is often called a collection
or a family (0O O) or a class.

The set {A : A C X} consisting of all the subsets of X is called the
power set (DO O0O) of X.

Let A # 0. (Lambda is read lambda (O O O).) Suppose that for each
A€ A, aset Ay is defined. Then the union and the intersection of the
family {Ax : A € A} are defined as follows:

U Ay :={z: 2z € A for some X € A},
AEA

ﬂA,\ ={z:x € A, forall A € A}
AEA

Example. If I = {1,2,3,...,n}, then
(VPi=PiNP,NPsN---NP,.
el

Theorem (De Morgan). Let Ay C X for each A € A. Then
* Maea 4% = (Urea A1) and

i U/\GA A5 = (ﬂ/\eA AN

Let X and Y be sets. An ordered pair (00 0) is the list (z,y) of a X-
component (00 ) z € X and Y-component y € Y such that the equality
is defined as follows: for any z, 2’ € X and y, ¢’ € Y, (z,y) = (2/,y) if and
only if x =2’ and y = ¢/.

Example: {1,2} = {2,1} (as sets), but (1,2) # (2,1) (as ordered pairs).

The Cartesian product (0 0) of X and Y is the set

XxY ={(x,y):z e X,yeY}.

We can write X x X as X?2.
Examples: Let A = [0,1] := {r € R: 0 < z < 1} and B = {3,4}.
Then A x A = {(z,y) € R?:0 <2 < 1,0 <y < 1} [figure: a rectangular

14



area]. Ax B ={(a,b) € RZ:0<y<1and (b=3orb=4)} [figure: two

segments].

A subset F of the Cartesian product X xY is called a (binary) relation
((20)00). We often write (x,y) € F as xFy.

Example: Let I be a set of all human beings (including the dead) and
let M = {(i,j) € I? : iis a mother of j}. Then for any i € I, (i,i) ¢ M.
Also, for all i € I (ignoring Adam and Eve, the first human beings), there
is j € I such that (j,4) € M (everybody has her or his mother).

Example: X ={00,000,00 }0000B0O XO0OOOOOOOO:

zBy «<— 000000 0 y0O0OO.

BOOOOOOOOO B={00,000),(000,00),(00,00)}0
ooo

obooooboboooooboobooboooobOobooboonogndo
o000OxxOOOOOOOOOOOODOOOOOOOOOOOOOO0On
0000000000000 0000O000000000 X000o (ooo
000)0000000000000oc o0 z0xx0yO00O0O0O RO
oo00o0oO0o00bDzRyO00O00OOOODOODOO

tRy <— 00 20000y0O0O00O0O0OO.

[<— Oifandonlyif 00 0000000000000 0D0O0O0O0OOO
googboooboobgooboooobooboobooboboobo
googboooboobgooboboobooboobooboboobo
goboooobooooboooooobooobooobooobooobooboon
gboooobooboooboboooobooooboboooOobooon
gooboooogobbobooooboboboboobooboobobobo

000.000000000000000000000000000000000
0000000000000002Ry0000 y0000 20000000000
(x0y0000)00000000000000000000000000 (0000
000000000000000000)0000000000000000000
00000000000000000000000000000000000000
00000000000000000000000000000000000000
000oo000oooo |

Definition (0 O ). Let X be a set of alternatives (00 0). A pref-
erence (00 ), or a preference ordering (0000 ), RC X x X on X is a

relation satisfying the following conditions:

15



completeness (0 0O0) for all x, y in X, either 2Ry or yRz, and
transitivity (00 0) for all z, y, z in X, if xRy and yRz, then xRz,

Let
R:={R C X x X : Ris complete and transitive}

be the set of preferences on X. [Note that the letter R is a special (calli-
graphic) font.] [0 0 0000000000000 0OO0OOOOOO)

Intuitively, Ry if and only if z is at least as good as y (y is not preferred
to x). [Completeness then means that given two alternatives, one is at least
as good as the other. Transitivity means that if a first alternative is at least
as good as a second, which is at least as good as a third, then the first
alternative is at least as good as the third.]

Example: If X = {a,b}, then R = {R!, R?, R3}, where R! : ab (a is
preferred to b), R? : ba, and R® : [ab] (a and b are indifferent; neither is
preferred to the other).

When a relation f C X x Y satisfies the following conditions, f is called a
function (0O 0), or a map(ping) (0 O), from X into Y (written f: X — Y):

e for any x € X, there is y € Y such that (x,y) € f,
o if (z,y) € f and (z,y') € f, then y =y’

[Figure: X =Y =0, 1]. Not a function. A function.] A function f: X —Y
maps each element of X into one and only one element of Y.

Example. f:R — R defined by f(z) = 2? + 1 is a function. One can
write f:z +— 2% 4+ 1 to avoid ambiguity that the expression f(z) has. [Is
f(z) a function where x is a variable (O O ) or a particular real number for
a particular 7]

Example. Let I be a set of all human beings (including the dead) and let
M = {(i,j) € I? : i is a mother of j}. Then M is not a function from I into

I. An individual ¢ may be a mother of no j; i may be a mother of different

j and j’.

For functions f: X — Y and ¢: X — Y, f=giff forall z € X, f(z) =
9().

Let X1, X5, ..., X, besets, where n > 0 is a positive natural number. An
n-tuple (O) is the list (x1,...,2,) of components z; € X1, ..., z, € X,
such that the equality is defined as follows: for any x1, 2} € X1, ..., Zn,
x, € X,

(T1, ..y xn) = (2),...,2)) &= T =12,...,0, =2,.

16



The product of Xy, ..., X,, is the set
X1 x-ox Xy ={(x1,...,2n) 121 € X1,..., 2, € Xy, }.
When X7 =--- = X,, = X, we write X7 x --- x X, as X".

We can regard the tuple (z1,...,2,) as a function z:{1,...,n} — X; U
-++UX,. Then a product can be regarded as a set of functions.

Definition. Let I = {1,...,n} be a set of individuals and X a set of
alternatives. Suppose that for each individual ¢ € I, her preference R; € R
is defined. Then a profile of individual preferences (000000 0ODO) is
the n-tuple (Ry,..., R,). The profile describes who has which preference.
(0000000000000 000OoOo0oUOooooooo)

Example. One can interpret (000 0)
e the coalition {i € I : zR;y} as the set of individuals that like x at

least as much as y (weakly prefer x to y) [given z and y];

e the preference R; = {(x,y) : R;y} as the collection of pairs (z,y)

such that the individual ¢ weakly prefers = to y [given i];

e theset {z : zR;y} as the set of alternatives that given ¢ weakly prefers
to a given y. [Compare with the set {x € R : z > 1} of real numbers

greater than or equal to 1.]

Exercise (O O). Interpret the following sets
® Nier Bi = Nie{(z,y) 1 2Ry},
* Nyex{z: 2Ry}

Exercise. Let the set X = {a,b,c} of alternatives consist of three ele-
ments and the set I = {1,2,3} consist of three individuals. Suppose that
the profile is given as follows:

R : bac
Rs : cba
Rs3 : abc

(For example, individual 1 prefers b to a, and a to ¢.)

1. List all the elemets of the following sets (For each of the following sets,
list its elements): {i € I : bR;a}, {i € I : aR;c}, {i € I : aR;a}.

2. List all the elements of the following sets: {z : xRja}, {z : xRea},
{r : zRsa}.

A variant of this exercise is obtained by replacing the weak preferences R;

by the strict preferences P;, to be introduced later.
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22 OJ0O0oO0OooOoon

Let f: X — Y be a function. (f:x — f(z).) Then the domain (O O
0) of the function is the set X. For A C X, the image (0 ) of A by f is
the set f(A):={y €Y :y= f(z) for some z € A} = {f(z) : © € A}. The
image f(X) = {f(z) : € X} of X is called the range (0 O) of f.2

Let f: X — Y be a function. For B C Y, the inverse image (O O) of
B by fistheset f71(B):={x e X : f(z) € B}.

Example. Let b: I — X be a function that maps each individual 7 € I to

the alternative
b(i):={re X :zRyyforallye X} € X

that she prefers the most (her best alternative). (We assume that there is
only one such alternative.) Then for each z € X, the set {i € I : b(i) = «}
is the set of individuals that prefer x the most. For B C X, b=%(B) = {i €
I :b(i) € B} is the set of individuals whose best alternative is in B. [Figure:
Partition the set I of individuals according to their maximal elements a, b,
c. Let B = {a,c} and ask where is b=1(B)?]

Let f: X — Y be a function. f is said to be one-to-one (10 1), or injec-
tive (O 0O), if for all z, 2’ € X, x # o’ implies f(z) # f(2’). Equivalently
(00DD00000), it is one-to-one if f(x) = f(2') implies x = 2’. f is said
to be onto (0 O 0), or surjective (0 0), if f(X) =Y. Equivalently, it is
onto if for all y € Y, there is € X such that f(x) = y.

Examples: f:IN — N defined by f:z — 2z is not onto but one-to-one.
9:N — {0, 1} defined by

(z) = 0 ifziseven (00O)
A ifxisodd (OD0O)

is onto but not one-to-one.

A function that is one-to-one and onto is called a permutation (7?) or
a bijection (00 0O).

Example: Let X = {a,b,c}. Then f: X — X given by f(a) =, f(b) = ¢,
f(c) = a is a permutation.

Let f: X — Y and ¢:Y’ — Z be functions and assume that f(X) C Y.
Then their composite function (O O O 0) is the function go f: X — Z
that assigns ¢g(f(z)) to each z € X. [Figure]

Example: Let f:R — R and ¢:R — R be given by f(z) = 2? and
9(2) = v+ 1. Then fog(z) = f(g(x)) = f(z+1) = (z+1)? and go f(z) =
9(f(@) = g(a?) =22 + 1.

2In some literature (0 O ), the word “range” refers to (0 0) Y.
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Given functions f: X — Y and g:Y — X. ¢ is said to be an inverse, or
an inverse function (OO0 ) of fifforallz € X andy €Y,

goflr)==

and
fogly)=y.

We can show that an inverse is uniquely determined. We thus call it the
inverse of f and denote it by f~!. We can also show that g—! = f.
Proposition. Let f: X — Y be a function. Then f has an inverse if and

only if f is one-to-one and onto.
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030 OU0UudddidSen ooy
Saari OO0 (ODO)

3.1 00O

gi3gdbnooobooboobgobobooboobooboon
oboboooboboooooboobooooobooboooooooobooon
obooooboooobooboooooon:
gbobooboobobobobob-oob20b0b0bobobon
000o00o0o0o0o0o0o0oU0oU0OUOUOO0 (DO0O)0DoUOoo
ubooooooboooboobooooooooon:
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0yO0O00O0OO0O0OO0OOOOOOOOOOn)

obooo0Oo obooo200000000000b00000000b000
00 (#z,y) DOOODDOOOU0OOOOODOOOODOOO: DOODO
(r,y) 0OOODDOODOOUOOOODOOO0O 20000 y0OODOODO
U000y 000000D0000000O00O0;0000000 90O
000000000y 02:00000000000000000

gobo.o013b000oo0oobooogobooooooobbooooDobooDoo
gboooooboobobobobobooobobobooboboboboooboo
oooOoooUoooooOoooooooo |

uboooobooboooooboobooooooboOoboooobooooon
gboooobobooobooboooobooooboboooOoboooon
gobooobboooboooboboooooooobobooobbooobooooDo
oboboobooboooboooobooobooooboboboooooboooboooo
booooboboooooboobooooobooboooooobOooon
booooboooobobooooboboooboboooboOoboooon
oood

oooo.0goooooooogoooobooooooooooooovo
goooooOoJooo0o0oooooo0ooooooogoooooooog
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000odoooooo0 QU ROOODOODODODOOO Q@—RODODOD Q
000 ROODODODOOOODODOODODOOOOODOOOODOMmO
goooooOoooooooooOooOoobooborIoooooooooDoobooo

VieI3jell[jOi0000]

gbobooooobobo .00b0ob0b yh00b00by0 000000
gboooobobooobooboooooooooonog

JjelViel[jOiOODO]

googooboob jOo00b00000b0000 c00Db0oby0 00
00000000o0o00oooOooUooooooooooo |

00.00000000000000000L000UoO0U (Dooooo
00000000o0ooo0) 0000 N:={1,2,3,...}0000

l.dzeN3IyeNy>z

2.VxeNVyeN [y>x

3.Vxe NJyeN |

4 Jye NVz e N |

5.Vx e NJye N |
[

]
]
]
]
]
6. ye NVx e N ]

y>x
y>x
y<z
y<z

3.2 UOOOOOO

The framework consists of the following:
e A finite [0 0 0] set I ={1,...,n} of individuals.?
e A set X of alternatives [0 0 0]. X has at least three elements.

- DoobOboobooboobooboooboobbooboo
gogboobooboobobobooboooboobooobd
gboooooooon

- 000D00000D000000000(000000000000
000000000000000)00000000 ((1,2),(3,4))
000000000 10000000000 10000000 2
00000200000000003000000040000
00000000000

l/0000000000000000000000000000000000000000
ooooooo
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- 00000000000000000000000000000
0000000000000000000000000: 000
000000000000000000000O0000:

+z=(000000,00,...),(000,00,...),(00,...)
+y=(0000000,00,..),(000,00,...),(00,..)).
——

oob1000 0oo0 2000 oooooo

o The set
R :={R C X x X : R is complete and transitive}

of (complete and transitive) preferences on X.

— Recall the conditions for R € R:

completeness Vx € X Vy € X [¢Ry or yRz].
transitivity Vo € X Vy € X Vz € X [(zRy & yRz) — xRz|.
— Exercise. Suppose that R € R. Show that it satisfies the fol-

lowing condition:
reflexivity (00 0) Vz € X zRz.

— Given a (weak) preference R on X, define the corresponding [0
0 00| strict preference [0 00O O] P and the indifference
relation [0 000 0] I by?

2Py < (xRy & —yRx)
and
xly < (zRy & yRx).

(000 >000000000000 >000 =0000000
00000) Similarly for R;, R}, and other preference relations

with subscripts or superscripts.

— The intended interpretation:
xPy <= i (strictly) prefers z to y.

xl;y <= 1 is indifferent between x and y.

— Exercise. Check that TN P =0 and TUP = R.

— Exercise. List all those preferences on the set {a, b, ¢} such that
no two distinct alternatives are indifferent. (If z # y then —zly;
such preferences are called strong) [0 0O {a,b,c; 0000000
000000000 oO0oU0oU0ooooUoooon)

2—yRaz is the negation [0 O] of yRz.
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— Exercise. Suppose that R; is a preference. Show that if xR,y
and yP;z, then zP;z.

— Exercise. Show that a strict preference P defined above is tran-
sitive.

— Exercise. Show that a strict preference P defined above is ir-
reflexive: xPx cannnot hold for any x € X.

— It can be shown that I is reflexive, transitive, and symmetric

[0 0] (xIy implies ylx).

e A social welfare funciton (00O0000) f: R™ — R is a func-
tion mapping each preference profile R := (Ry,...,R,) € R"™ into
a preference (called social preference [J O 00]) Ry := f(R) =
f(R1,...,R,) € R. (The subscript 0 represents the society, not an

individual.)
— 0000 ROODOOOOOODOODOOOOOOOOOOOOO
oooDooooooooooon
— Figure: three people, three alternatives
— Given a social preference Ry = f(R), the corresponding strict

preference is denoted by Py and the indifference by Ij.

Definition. The social welfare function f : R" — R is Paretian, or
satisfies the Pareto condition [0 00 O00], if

V(z,y) € X?> V(Ry,...,R,) € R" [(Vi € I xPyy) — xPoy].

That is, f is Paretian if for any pair (z,y) of alternatives, and for any pref-
erence profile R, we have that x is socially preferred to y (xPyy) whenever

x Py for every i. [Figure]

Conditioins for individual liberty [0 O 0 O 0] are expressed by the

following axioms [0 O |:

e The social welfare function f : R™ — R satisfies Minimal Liberty
for Everyone (0000000 0OOOOOO],if

Viel Iz,y) € X*°YVR=(Ry,...,R,) €ER"
[(x #y) & (zPy — xPyy) & (yPix — yPox)).

That is, f satisfies Minimal Liberty for Everyone if every individual
has a pair (z,y) of distinct alternatives such that for any profile R,

we have that x is socially preferred to y whenever she prefers x to y
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and that y is socially preferred to x whenever she prefers y to x. [0
godddooobootobdoodoooooooooooooooa
0000000000000 0000oooooooog]

— bDoobObogooboobooboobuooboobboobon
gobobooooogooobooboon

— DobOoboooboobooboobooboon

«+z=(000000,00,...),(000,00,...),(00,...)

«y=(0000000,00,..),(000,00,...),(00,..)).
——
oo 1000 oo 2000 gooogo

UOz0y00000000000O0CODOO0O0COO01000O0
oboooooooobooboobobooooooobooobOoDbn
0y000000D00000000 10 z0y0D0O0O0OOOO
gboooooboooocoogooo

- bDoobOobogooboobooboobooboobboobon
gboooao

e The social welfare function f : R™ — R satisfies Minimal Liberty
ooooool,if

Jiel3elI(r,y)€X?3I(z,w) € X?VR=(Ry,...,R,) €ER"
()& oAy & s rwk (o,y) # (mw) &
(zPy — zPyy) & (yPx — yPox) &
(2Pjw — zPyw) & (wPjz — wPyz)].

That is, f satisfies Minimal Liberty if there are at least two individuals
i and j and two pairs (z,y) and (z,w) of distinct alternatives such that
tisdecisive [0 00,000000,000000] over {z,y} and j is
decisive over {z,w} (each pair taken in either order). [J OO OO 2
godddoooooobdoooooooooooooobooooa
0000000000 0000o0ooo0oooooooooU]

— 0002000000000000D0000D00000O0DODOO0O
ooooooooooooooooo
— 00 1000020000000 0000000O0O00O0
e Minimal Liberty for Everyone 0 O O O O O O O Minimal Liberty O O
O00000000000Minimal Liberty 000000000000

O O 0 Minimal Liberty for Everyone 00000000 QOCOCOOOOO
ooooo
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00.00000071={1,...,n}00000000 XO0X OO complete O
transitive 0000000 ROODOODOOOCOO00O00000000 RyeR
00o0oooooooood R=(Ry,...,Ry)eR"ODOO0OO0DOODOOO
00 fO00000(0ODO fOo0O0OCOOOOOOO)

a. fO0O0O0OOOODOOOOO?
b. f O Minimal Liberty 00007
c. fOOOOOOO 1.e.O0O0OOOO:

Vie I 3(x,y) € X2 VR=(Ry,...,R,) €R"
[(z #y) & (xPy — zPoy)).

g0b.000010000000b0O00bDoob0g f:RP—-RODOODO
0oooO0oooO0ooooUoooooO0 R=(Ry,...,Ry) eR"O0DO0ODO
Ry=f(R) =R, 0000000
a. fO0O000OOODOOOOO?
b. f O Minimal Liberty OO O OO ?
c. fO0OODODODO 2c000000:

JielI(r,y) € X?VR=(Ry,...,R,) €R"
(z #y) & (xPy — xPyy) & (yPix — yPox)).

00.000000 f:R"—-ROOOOJOODOOOO:

VieI3(x,y) € X2VR=(Ry,...,R,) € R"
[(x #y) & (xPiy — xvPoy) & (yPix — yPyx)].

g0Jooobooooooooooboooooobooooo
oboooobobooobo 0000 yOOODOOOOODO 20 yO0OO
oboooooo0oobob0 yO 2000000000 yO 200000
goooo
gbooooboboooboboooobooooboboooOoboooon
uboooobobooobobooooboooooooboooon
gooboooobobobooboooooooboboobOobooobooogo
gboooooboobooooboobobooboobooobooog

oo ooobooboooooboooobooobbOoboooboooboobo
gbooooboobooobOoboooobooooboboooOobooon
ob2000000
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3.3 Uobuogoboon

Theorem (Impossibility of Minimal Liberty). There is no social welfare

function satisfying the Pareto condition and Minimal Liberty.

Corollary. There is no social welfare function satisfying the Pareto con-

dition and Minimal Liberty for Everyone.

Proof (Exercise). Suppose that a social welfare function f is Paretian
and satisfies Minimal Liberty. Then there are individuals 7, 7 and pairs
(x,y), (z,w), satisfying the conditions. Since (z,y) # (z,w), either © # z
or y # w. Without loss of generality [0 000000000 ], we assume
that y # w.

Case (i). [When x = z.] Suppose that a profile R = (Ry,..., Ry) is given

so that it satisfies:
x Py Pyw
yPjwP;x
Vk #j xPyyPrw
Then
e Since 7 is decisive over {z,y}, we have zPyy.
e Since everbody prefers y to w, we have yPyw.
e Since j is decisive over {z,w} = {z,w}, we have wPyz.

By transitivity of Py (it is transitive by an earlier Exercise), we have (since
xPoy and yPow and wPyx) that xPyz. This cannot occur since Py is ir-
reflexive (by an earlier Exercise).

Case (ii) [When x # z.] Later. N

Example. Case 1 in the above proof uses the profile that has the same
structure as that in The Lady Chatterley’s Lover example. Let I = {A, B}
and X = {a,b,c}, where A is decisive over {a,c} and B is decisive over

{b, c}. The profile is given as follows:

B : cba
A : bac.

00.000000000 I={1,2},0000000 X = {a,b,c} 00
000000000000000000000:
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ooooooooo fO00O00OO0O0OO00OO0O0ODODOOOOO fOOOO
oo MOOOOoooo

oooofo0o0 MOOOOOOO
O(00 aPhc0000aPyc)00(00 cPla 000Ocka); 00O (OO
bPc D00 0ObPyc) DO (00O ¢Pb 0000 PO
opooooooo
0000000000000 0000000U0U [ogpl0oooooon
gooboooooobooooooa
oo0oof0000000000 MOODOOODODOOOOOOOO
O R=(R,R,) 00000000O0O: cPraPb00 aPybPoc
000000000000 00 [o00000 MOOO [gO0O0O0O0OO
00000 R/, 00000000cPRce000000O0OOOOODOOOOO
oo
00 a=0aPpb0; f=0cPya 00O bPycO
00 a=0aPyb0; f=0aPyc 00O cPybd
00 a=0cPya 00O bPycO; =0 aPybld
O00a=0aPyc 00 cPybd; p=0aPybl

3.4 0O0ODODOooog?

O000000OSaari [15|00000000000Saari 00000000
gooo:

e Saari D00 O0ODOODO Minimal Liberty 00O000000O0D00OCO
OO000O0O0O000000D0DO0ODO0O00Minimal Liberty 000 O
ooooooooooOoOoOOOO00o0ooOooooooooooboo
00o0ooo0ooOOo0oDOOo0OooO0ooOoUOOooObooOoooooDo
ocooooooooooo

e 000D0O0DDOOODODDOONDOOONDODOOONDOOODOOO
0000000000000000000000000000 (cyclic)
000 (0000 abeaD0 00 aPbPicP,al003) 000000000
000000000000 00000000000000000000
0000000000000 000000000

e Saari 000 00Sen00O0OOOO0OCODOOODOOOOMinimal Liberty
gooooOooooOoOoOoOOOOOOOOOOOODOOOOO

3034000 350000000000 abecea 000000000 aP;b00 bP;c00 cPia
oooOoooOooooOooooOoOo0ooOO0O0b0O0O00O0000B00000 eP,cO0000O0O
oooooo
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e Saari0 00 0D0O00OOCOO00ODOOOOO0OOOOOOOODODOO
gbobobooboobooooboooooooooooboobgon
obooOoobooboobobooobooboboooooooboooon
obooooooooon

e JIODODOODODOOODOOmDODDbOOODLOOODUOODDbDOODO
gobobooobbooobboobbooobbooobooon
oooooooono

00000000000 00D00 (preference) 1000000000000
0 X0ODOOOOo20000000000000000000000000
000000000000 0000000000000DOO00DO00DO
00000000000 (000000000000000D000000)0
000 (ule)D0O0O0O00ODODODO*

An important assumption in Sen’s theorem is that the preferences of
individuals are transitive. (Transitivity of a preference R; implies it is
acyclic. That is, its strict part P; does not have cycles such as aP;bP;cP;a
or aP;bP;cP;dP;a.) If everybody has the same cyclic preference, for exam-
ple, then the Pareto condition dictates a cyclic social preference

Surprisingly, all rules satsfying Minimal Liberty ignore this trasitivity
assumption. If a rule can serve only voters (individuals) with transitive
preferences (which is true for many of standard voting methods), then it is
eliminated by Minimal Liberty.

To see what kind of rules are dismissed [0 0000000 O00O0O0] by the
assumption of Minimal Liberty, consider the proof of Sen’s theorem for three
alternatives, where individual 1 is decisive over {a, b} and individual 2 over

{a,c}. (“irrel” in the table means “irrelevant” [0 OO ].)

Individual {a,b} {b,c} {a,c}

1 7 77 irrel
) (3.1)
2  irrel 77 7?7
others irrel 77 irrel

Note that “irrel” slots can be filled in any manner since they are irrelevant.
Other slots can be filled in any manner too, without causing any difficulty.
This defines the “true” domain (denoted by Sen™(3)) of profiles for Minimal
Liberty rules (rules satisfying Minimal Liberty).

To see that rules satisfying Minimal Liberty are incapable of distinguish-
ing between (i) a transitive profile (profiles consisting of transitive prefer-

ences) and (ii) a nontransitive one, note the following:

0000000000000 0000000000000000000000000
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e When individual 1 has the transitive preference abc and the others

have the transitive preference bca:

1 ab be irrel
2 irrel bc ca (3.2)

others irrel bec irrel

e When everybody has the nontransitive preference abca: the same ta-

ble (3.2) just mentioned applies.
By modifying the above argument, one can prove the following:

Proposition.

e Let R = (Ry,...,R,) € Sen™(3) be a profile that belongs to the
domain Sen™(3) admitted by a Minimal Liberty rule. Then there
exists a transitive profile Rt € R™ that no Minimal Liberty rule can

distinguish from R.

e Conversely [0 0], given a transitive profile R* € R", there is a non-
transitive profile R € Sen™(3) \ R™ that no Minimal Liberty rule can
distinguish from R!. In fact, R can be chosen so that all individuals

have cyclic preferences.

Two profiles are equivalent [0 O] if they agree on all pairwise comparisons
except those noted as “irrel” in Table 3.1. A set consisting of all the profiles
equivalent to a certain profile is called an equivalence class. A Minmum
Liberty rule cannot distinguish between profiles in the same equivalance
class. The above proposition states that each equivalence class has (i) at
least one transitive profile and (ii) at least one nontrasitive profile, where
every individual has a cyclic preference.

Because of the above proposition, restricting profiles to transitive ones
(instead of those in Sen™(3)) makes no difference. [Sen™(3) DO OO 0O0ODO
goobooooboboboooooooboooboooooooooboooao
ooooo)

Application to proof construction! [0 0 0000000000000
00o00D0oDoO00O0o0o0oo0ooO0ooOdoooooooooooOoooo
O000O0000000000] In proving propositions, we usually want to

construct a cyclic social preference. To do so:

1. Start with a profile R® € Sen™(3) that results in a cyclic social pref-
erence. Example: abca for everybody; with the Pareto condition, the

resulting social preference is abca.
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2. Construct a transitive profile R® € R™ that is indistinguishable (by
any Minimal Liberty rule) from R°. Such a transitive profile exists
because of the above proposition. Example: see Table 3.2. [Maybe it
is instructive to write down the profile in a new column.]

3. Of course, the social preference resulting from R! is the same as that

resulting from R€; hence the social preference is cyclic.

000000000 Case20000 Exercise 000000000000
000 Minimal Liberty 00000000000 i000 ;0001000
20000 {z,y} O {a,b} 0000 {z,w} 0 {¢,d} 000000000

Exercise. There are four alternatives and n > 2 individuals. (The
number of alternatives can be generalized to k > 4.) Individual 1 is decisive
over {a, b} and individual 2 over {c, d} (so that Minimal Liberty is satisfied).

1. In the following table (which corresponds to Table 3.1), indicate which

slots are irrelevant. [The answer is already given here.’]

Individual {a,b} {b,¢} {c,d} {d,a}
1 77 77 irrel 77
) (3.3)
2 irrel 77 77 77

others irrel 7 irrel a4

2. Find a transitive profile that (when a Minimal Liberty rule satisfying
the Pareto condition is applied) results in a cyclic social preference
abeda (i.e., aPybPycPydPya). [Hint: start from a nontransitive profile
and use the table.]

Saari 00000 Sen 0 Minimal Liberty 0000000000000
00 (domain) O Sen™(k) 00000000000 O0O (00O0O Minimal
Liberty) 000000000000 OO0OO0OOOOOOOOOOOOOOOO
O000oooOOoOoODODODODODODODOO0O0OD0OOOOO0O000000O0O0oOoOO
oooooooo

o.0o0gboooooooo
00 OD0O00D0«CO bO0O000D00O0 cOO0D00b+c=a0000

00000000000 00: c=a—-0000000000000 aOb0Oc¢
0000000000000 Ryy:={zeR:z>0}00000000

5Note that some pairs, such as {a,c} and {b,d}, are missing in the first row. The
“true” domain Sen™(k) may require “partial transitivity.” For example, if it happens
that aP1b and bPic then aPic (for the missing pair {a,c}).
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000000000000000 (b>e¢>0000)0000000000
00000000000000000000000000000000 Ryy
000000000000000 Seari0000(00: 000000000
0000000000000000000000000000000000
ooooooo) |

Saari 000 0O O Minimal Liberty 000000000000 R*"OO00O
transitive and complete 00000000000 f(z,y)=1/(x—4)000
U0 y=100000000000000000000000000000O
O0z=400000000000000000O

0000.00000000000000000000000000 (Ar-
row’s Theorem)] 0D 0000000000000 (0000000000
000)000000000000000000000 (Arrow [2); 00 [20,
01Io0joo)o

e JIUIUDODDDODOO (dictatorial) DI OOOOODOOOOODODO
O00000000000D000: there exists an individual ¢ such that
for all pairs (z,y) and for all profiles R, if P,y then zPyy.

e ]IIUIDUUDDOODOODDOODODO (Independence of Irrelevant
Alternatives) 000 0000000000000 OOO (x,y) 00O
0000000000000 00000OooOooOOOO0O0oO0oOooo
O000oo0o0oo0o0oooooooooo

e 00000000 UOOOOUOUOOOOUOOOOOUOOOODOOO
10000 abede 00 adech 000000000000 acdebd O cdeab
DDDDDDDDDD(DDD ddbO0000000D0DOO000DOOO0
0000o00o00) (e,b) 00000000 0OOOOOOOOOO

Saari [15] O Section 3 0 Section 4 0000000000000 0OOO0O
(Independence of Irrelevant Alternatives) 0000000000000 O0O
0000 nontransitive D0 0O OD0DDDODODODO SaariDOO0O0O0O00OO
0000 Condorcet winner 0000000000 (p.251)0 |

3.5 Saari 00O

Minimal Liberty 00O 000000000000 O0DOOO0OOOOOO
goodobbbooooooobbodoooubbbboooooboo
gooooboboboobbbdooooouobbbuoooooobbbooo

Intensity level (00000 )00000000000O0O0O0OO:
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e U0 (x,y) D0DO0OUDO 2Py 0 Intensity level 000D OOO0OOO

goboooboobooobiug 0000 y000OOO0DOOO
oood

e 100OODO abedDO0 cabd 0000 OO aP;b0 Intensity level O

0000 acdb D0 O O00ODOaPb O Intensity level O 20

O000. Saari 0 OOOO0OCOOOOOOOOOO Intensity ITA 00O

uboooobooooboboooooboooood:

e JJOOOODIntensity IIAODDODOOOOOODOCOOODOODO

00 (z,y) DOO0OOOO0OO0OO0OOOOOOOOOOOOOOOOO
O000000000DO0O0000DO0OC0C0O0000 Intensity level
ooooooooooobobooooboooo

Intensity 1A 0000000000000 O0O0OOOOODO 1000
O abede 00 adecb000000O(e,b) J0000O0O0O0OOOOOO
O00000000aP b0 Intensitiylevel 0 000 300000000

00000010000 abede DO abede 00O OO0OOOODODO
acdeb00 adecb 000000000 DO(OD0OO «0b0OOOODOOO
0000000000 Intensity levels 00 0O0000O00O0) (a,b) O
ooooboooboobooboooo

Saari 00000000 Intensity HADODOOOOOODOOCOOOO
O00000000000000: 000000000 (Borda) JOO

oooo0O: 000000 X0 k0000000000 OOODOODOO
goooooboooobobobOoobOoboobD1boO...00ob
000000 k—-100000000000000000000 (Borda
count) 10000000000 O0OO0O0OO0OOUOOOOOOOOO
O000oOo0oooooooo)

000000000000000000000000 (0000000
00)0

Saari 0O 0ODO:

1.Blau (1975) 0000007 (0O0O0O0O0O0OD0OOOUOOOODOOOO

00 Intensity [TA D0 00000000 OO )Intensity level 00O OO
00000Minimal Liberty 00000000
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e 0000000 0ODDOSaari OO0 OODOOOOODOOOODO
000o0oU0o0ooo(CoUuoooo)oooooo

eJOIDUODUO: DI0UODOODODODODODON BlauOd
gbooooobobooooobobobuoobobobooooo
000 (OoU0oo?oooooooooooo?

2.000000000000000D0A0:

Modified Pareto 000000000 ROOOUODOOO z,y 000
0000 z0y000000000COOOOOODOOOO (if no
individual 4 exists such that ¢ is decisive over {z, z} or {y,w} for
some z, w € X)UODOOOOO 20 y0000000O0000 =
OyO000O00oooon

gobogoooood:

e J00D00DDO Minimal Liberty 0 (D00U0O0D0) 000000
gboooooooboboboobobobobobooboooo
uboooobooooooobooon

e Modified Pareto 000000000 : 00000000 {a,y} O
gboooooooobooobooobooboooonD 200 y0000
ooooooooooo?>—0o00o0ooo

e 000000000 UIOIOD: 000040000000 0OMod-
ified Pareto 0 Minimal Liberty 00000000000 ODOODO0O

eJ000D00OO0OOODOOOOODOODO:OODOOODOODOODOO

gboooobooooooboooobobooooobooooooooo
000000000 (0o0oo0)0DoUoO00o0ooO0O (Dooo
00000000o00o00o0oooU0ooooO)00DooooUo
obooooboooooooono

O0. ROXOOOOOODOOODOPO RO asymmetric component[ O
od
xPy < (xRy & —yRx)

oooboobobobOoboboobOo RO PODODODODOORDOODO
00000000000 0000 ROOOODO (acyclic)D000O0OO0OOO
oboooooooon:

VteNVele X ... Vol € X [(2'P2? & ... & 2" ' Pat) — -2t Pxl].

00.0000000000000000D0000 R=(Ry,...,R,) ER"
oboooopboobooobo0obobood.el00000OD00OzeXOOnO
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00i0 2000000000000 bi(z) := bR (z) := #{y € X : 2Py} O
000000 ADUDOOUOUO#A0 ADUDOOOOOOOO)0O0O0OO
0 ROODOO 20 Borda count 000000000 BE(z) ==Y bi(z)
0000000 0O0DO0O00O000 Bordacounts UDOOOOOOOOODO
0000000000 (000000000000 n0) 00000 zRy —
BR(z) > BR(y)0

a. 0000000 DOOOOOODOOOOOY

b.00000000O Minimal Liberty 0O O0O0O? [DO0: O00OO0O0O0O
0000 {z,y} 0000000000000 O0OOOOOOOOCOO)

. 0000000 X ={a,be,dl0000000 I={1,2,3}000000
goodobbboooooobbbbooooubbbbooooooboo
0000 RO RODOOOOOOOOOOO:

Ry : abed R : abed
Ry : abed RY : abed
R3 :bacd  RY:beda

[000:e0b000000]

d. 0000000 X ={a,bc0000000 I={1,2}00000000
0000000000000000000000000000000000
00000000 RO ROO0DD0OO0O00O0O0O0O00000D00000:

1.aP b00 bPa 00 aP/b 00 bPjal
2. aPpb 00 bPjal

3.6 UUOO

0000000000000 00: 00 [2000 IVOOOOODOOOOO
gob:0bo0obooboobooboobbdon pp. 111-1200
0340000000 Saari (150000
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040 O0O0D0O0D00OGibbard 00
0 (0D0)

000000000 000000U0O0O00oooo [23,340]000000
gooooooobooobobooooboobooboboobOoboooo

ugod
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Us0 bbbt
Joogbooogogd
(oo)

5.1 O0OOO

0o30ooooooooooooOoOOOODOOOOOOOOOOO00O0
00000000000 0O000 (social choicerule; 0000000000
0000000000000 0000000DU00Do0ooooUoUoooOn)
0000oO0o0o0oo0o0oooo00ooO0o0ooOOo0oooOOoooooo
000000000000 Hammond [6]0

o0:

1.0000000000 (eoalitions; D000D0)0000000O0OOO
0000000000000 oo(o0D0oU0ooooDooooooo
0000000000000 0oO00UoOooUoooooooon)

2.8en 0000O0OO0OOODOOODODOOOOODOOOO

. 00b0ooboobooboobuooboboboobooboo

4. 0000000DO0O000DOOOO0O0ODO0ObODbDOoOODbDOOOgO:-d
0000o0000000U0o0o0oUoooUooooUO (ooooooo)
gbboooobooooobobooobobooobOobooboobooon
googoooobooood

goooooooobo oboooooobooooboooooDobD 20
oboboooboooooobobU0 «ctO0O0ODbODbOo0O0 yoOoOo
gboboooog

Sen 00 0000D00OO0O0O0DCOOOO20000000000000
gbooooboooboooon
oboooooooobob 00000000 00000D0O0

U0 0000000000 yOOOOOOO0OO0OO0
ubooooooobooooobooboobobobooobooooo
ooooooooo
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5. 0000000000000000D0O0O0O00ODO0O(LUODODUD
0000;0000000000000)0000000O00U0OOOD
gbbooooboooooooboboooooobooooooboOobooon
gboooobooooobobooooboooooooobooo

6. 00000 (00000000)000000000DO0OO0ODODOUD
googboooboobooboobobooboobooon

5.2 OOO0OOOOO
e 00 (individuals) 0000 N={1,2,...,n} 000 (n>2)0"

e DODODalternativesD 0D OO0 X OODOX OOOODOOOOODO
oooooooo

000000000 Osocial statesOODO0O0O0OO0O0OOOO00OO
gbooooboooooooobono

e X JOODO (preferences) OO0 RODODO

— ROOODOO0O XODO 2000000000 completeness OO
O00transitivityD OO0 00000000000 OOODOO RO
ooooooooooo:

000 (completeness) Va € X Vy € X [¢Ry or yRx].

000 (transitivity) Ve € X Vy e X Vz € X [(zRy & yRz) —
xRz].

00 RODODDDOODO (strict preference) 0 POOOOODO
O (indifference) 0 1000 (OO0DO0OO0)OODODOOOOOOO
gboooog

e X OOODOOOUOOfinited OO OO OnonemptyD OO OO ODODO
00 FO0000O00O00DOO0O0OOOOO (agenda, 0000, feasible
sets, issues) 00 0O OO0

- X0OOoOooobooboobooooboooobooooooo
goboobooboobbobboooboobooobogooodg
00000000 (Oo0o)0Do0oUoOoUooooooooo
oboooobooboooooboboo

0300000000000 70000 NOOODODOOOOOOOO Hammond [6] O
000000000000 (D0oo00)Lo0O0O0OOU0O0OO0O0D0ODLUOOOOO I0DDO0OOoOo
0000000000000 (@OooooDoooooog?)
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e PCRUUD (PUOOOUUOUOODDUOUOLOD;U0O P=ROOO
0)D00O00D000 (social choice rule) D000

C:FxPN—F

00000000000000 AeFO0000000000000O
R=(Ry,...,R,) ePNO000D0D0000O0O0ODO C(A,R)CADO
oooooo?

— 000 ROODDOODOODOUODODODOODOODOO
— Figure 5.1: three people, four alternatives

- C(A/R)00000 CO0O0DO0DO0UO0D0O0OO0OOOOn AD
ggo

— 000obOO0obOO0oo0Ooo0oooobO0obooocooooobooDn
gobooooboooboobobooboooboobooooon
gogod

00. X03000000000000000eeXO0000 (0000
0)000000000 Cy: FxPY - FO Cu(A,R) :={a} 000000
oooc,0000000007

00.00Cy:FxP¥N - FO Cy(A,R):=A000000000C,0
ooooooon?

53 U0ODOUOO0ODOO Sen OODO

5.3.1

0ooooo00oooooo0oo0o0oooDoooooooos:s

0O0. 000oDoO0 C:FxPY - 70000000 (the Pareto
condition) 00 O00OODO:

Ve,y € X VR=(Ry,...,R,) € PV

(Vi€ N 2Py) — VAEF (x € A—y ¢ C(A,R)).

2000 PN OO NOD POOOOOOOOOOODOODDOOOOOOOOO N =
{1,2,...,n}00000000+0 POO0O0OOOOO R, 000000000000 PN =pPn
00000000 Hammond [6, p. 58] 0 PN 0000000000000RM00O00O0O
O000O0000000000000 “social choicerule” 0000000000 O0O0O0O0OCOO
oooooooooooo

30 300000000000000000000000000000000D00000D0
oo0oooooooobooo0oooooooo
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That is, if everybody prefers x to y, then y should not be chosen when z is
available. [0 0000 20 yOOUO0O0O0O0OUO20000000D000O0OO
00000y0OO0OOUOO0OO0OUOOO(yUOOOOOOOUO 0000000
O0000oon) [Figure 5.2]

00.0000000 Cy:FxPN - F0O Cy(4,R):=A000000
000C, 0000000000007

5.3.2

00000 (0000000000000 000O0O000D0O0OUDOO0OoOOo
gbooboooooooooooooboobOooooooooooooo
0000000000 00U00o0U00oO00UoO (Dooooooooooo)oo
gogbgoobogbooboobooboobboobooboobooobo
gobogoog:

e JO0000O0ODODOOCOOODODOODLDOOOODOODODODOOO
000000000 o00o0oo(ooDoUooooUoOooo
ooooooooooon)

e JO0000O0ODODOOCOOODODOODLDOOOODOODODOODOOO
oooooooooooboboooooo

e JO0000O0ODODOOCOOODODOODLODOOOOODOODODOOON
oobOoooboooooooobooooooooboooobooooon
o000 300000bo0ogoooooooooooo? oOooDo
ooboooboobooobooOoobooOoobooboobobooboOoooobo
obobOooooobooooooomoooooooooooooon
oboobooobooooboobooboobobobooooobooboooon
oboboooboobooobooooobuoboooooboboobooo
ooboooobooooooooobboooboobbooobbooobo
goooog

googooooogno:

e 00 (coalition, group) 00O OOOODO (DOOO)0ODDOOOND
ooooOGooooood

e GOOODODO (rights relation, 000) Do 00 X O 20000 ir-
reflexive 0000000000 2z £y000000 (z,y) € X2000
0000000 (2,y) € D 00000000 GOOOO (z,y) 00O
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gobobodbbobdb000b0y0oobooobbobobbobo
000 [When (z,y) € Dg, we say that G has rights for z over y.]

0: Dy = {(a,¢),(¢,)} 000000 (100000 1) 00000
0oooooooo:

~ (a,c)€ D30 ¢00000«00000 (@D0DO0)
~ (ca)eDyy0 00000 ¢00000 (¢000D0)0

00000 X0OUO0OOooOoooo bcXxXOoOoooopoooo
000 (symmetric) O00:

Va,y € X [xDy — yDxz].

00: 0000000C:FxPYN - FOoO0O000QcPVNOOO
000000000000 0oooCcuoQQUuuuoooooo)o
00000000 DeOO0O0O (respects the rights relation D¢ for
(the profiles in) Q) 0 O :4

Ve,y € X VR € Q
{[tDgy & (Vi € G zPy)] — VAe Flxr e A—y ¢ C(A R)]}.

That is, if G has rights for x over y and everybody in G prefers x to
y (where the preference profile is in Q), then y should not be chosen
when z is available. (GO z0 yOO0OD0O000000000O00O (Q
000000000000 0000)GU0OU0 z0y00000020
000000000000000y0O0O0O0O0OO00O0OO0OUOFigure 5.3.]

O0: 0000000 C:FxPY - FO0000 DeOOOO0O
(respects the rights relation Dg) 00D C 000000000 PV O
0000 De00000000000MO0O0D0D00 Q=PN0O
ooono)

0000 DeO00O0O0OO0OO GOOOOOO
G={G C N :3(z,y) € D¢}

0000¢gO000000000000 (¢,y) 000000000000
oooooooo?®

4Hammond [6, p. 59) 00000000000

5Hamm0nd[6,p.59}DDDDDDDDDDDDDDDDDD (minimal 000000): if
xDgy then there is no G’ C G such that G’ # G and zDgy. 000000000000
gooooooo
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e 000D (rights profile, 0000 OODOQO, rights system) 00000
000000000 GegUO0OO0DO0OO0OO00ODOODOODOO DeODO
000000 DY = (Dg)geg 0000(QODO G ={G,...,G} O
0000DY={Dg,,...,Dg,}0000D0)

e 00: 0000000 C:FxPYN -F0(QO0OOO0OOQCPYN
00000)0000 DY = (Dg)geg DO DO OO (respects the rights
profile DY for Q) 0000000000000 D0 GegOOOOODO
0000000 CO(QUO000)0000 De0O00O0O00
000

5.3.3

0000000000000 000000000o0Oon:
00000000000 Sen D0D0DOO0DO DY000DDOOODOOO
00000004, j0000000000000000000000(00
0{i}, {j}€G, 000 2Dey000000 yDez0OOOO0)000000
000000000 DY00000000000nC:FxRY —-FOO
0000000000000 000000000000000000000
P="R0O)

00 (0000000000000 0000)0We prove the theorem only
for the case N = {1,2} and X = {a,b,c}. [Compare with The Lady Chat-
terley’s Lover case.]

Since Dyyy and Dyoy are nonempty, there are pairs (z,y) € Dy1y and
(z,w) € Dygy. Without loss of generality, assume that (a,c) € Dy and
(c,b) € Dy2y. (Details: Since there are only three alternatives, {z,y} and
{z,w} have exactly one element in common. (An Exercise below shows
that when there are two elements in common, C' cannnot respect the rights
profile DY.) Without loss of genarality, assume that c is the overlapping
alternative and (a,c) € Dygyy. Then (b,c) € Dyzy. By symmetry of Dy,
we have (c,b) € Dygy.)

Suppose that a social choice rule C satisfies the conditions. Suppose that

a profile R is given as follows: bPiaPic and cPybPsa.

e The Pareto condition implies that (since everybody prefers b to a), a
should not be chosen from the agenda X, where b € X is available.
(So,a ¢ C(X,R).)

e Since (a,c) € Dy1y and aPic, ¢ should not be chosen from X, where
a is available. (So, ¢ ¢ C(X,R).)
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e Since (¢,b) € Dygy and cPsb, b should not be chosen from X, where ¢
is available. (So, b ¢ C(X, R).)

It follows that C'(X, R) = (), which is a contradiction. [

00. {z,y}0 {z,w}00000020000000000000000
00000000000000002=2,y=w000000

ubO. 0o0o0ooomoboobobobobobs, j00b00b0obo0ooban
0000000000000 oo000oo0oo00oo0ooouooG, &
00000000 (D00000000: GNE =p)0o0oooooooo
gbboooobooooboboooobooooooooooooooboooo
opood

00.000000000 (000000{z,y}0 {-»w}00000000
|:||:||:|DDDDDDDSGDDDDDDDDDDDDDDDDDD):|:||:||:||:|
DQDDDDDDDDDDDDDDDDi,jDDDDDDDD (DDDDDD
00000)0000000o0o0oooooooooUoooo (:c,y)GD{i}D
(zw) € D;; 0000000 ({o,y}n{zw} =) 000000000000
00000000o0oOoDP0000U00000NN0NnNC:FxRYN S F
DDDDDDD[DDD:{x,y,z,’u)}DDDDDDDDDDDDDDDDDD
O00000000000000000OSection 3.4 (000O00OOO?O)
0 Exercise 00 0]

54 Gibbard 000O0O0O0OO: DOODODODOOO
0

5.4.1

gbobooooboooobobooooboooooooboooon

00. DOo0OoooD ¢ : FxPY - FO0ODOODOODOOO R =
(Ri,...,R,) e PN OODO0O0OO0O0DODODOODODOOOOOOOOO (re-
vealed strict preference) P 000 00000000: 000 z,y€ X0OO
ggo

tPC <= VAc Flzxc A—y¢ C(AR).

cO000O00z0O0y0OO0OOODOOOODOOOODODODzO0O0O0OO0OO
gobobooboboobybOo0oboooobooboobooboon
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0000.000000000000D00000000 C:FxPN - F
000000000 QcPNOOOOOO0O0O0O DeOO0O0OOODDODODO
gogbgobooooooooobod:

Vr,y € X VR € Q {[zDgy & (Vi € G zPy)] — zP%y]}. (5.1)

(0000DO000O0U00O0O00O0O0)0000D00DD0OULOUOOO0OO0O0
ggog:

0.000000000 (matching shirts)J000(0000 [2000000
0000000000)N ={1,2}0X = {bb, bw, wb,ww} (0000 bw OO
0100000000000000000000000000%000 10
00200000000000200000000000:

bw Pyww wbP;bb
ww Pywb bbPybw

0000 DY = (Gpyy,Gx) 0000000000000000000000
00000000000000: (bw, ww), (wb,bb), (ww,bw), (bb,wb) € D1y
ooo

000000000 CcO00000 PY0000000000000000
gboooooobooooon:

bwPCwwPCwbPCbb P bw.

0000 bwPCwwODOOOO000000000000000: (bw,ww) €
D00 bwPwwDOO0OCOOOOD Dy 0000000000 (5.1)
000wPCww00D0000000D000000

0000000D00000000000000000000000000
000 DY00D00000000D00DOO

[Figure 5.4: a game form representing the rights relations; the loops.] ||

O0000.000000000¢@goO00000000 {iJ000 (D000
000000000)b00ooo0oUoooUo (oo P=R)0O0O0OO
000 Suzumura [18, pp. 1934]| 0000 200000000000000O:

1. 000000000000 DPY00000
2.D0000000000000000

‘000000000 2000000000000000
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0000000000 (critical loop) 000000 Figure 54000000
O00o0ooo0oooooooooooooo |

00000000 DPY00000000000 (Suzumura000000)0
DY00000000DDODO0000N0N0N0N0NDNDOOODDODOnn
ooo

(000000000 542000000000000000000000
O0oooooo)

0. 0000000 10(00 20000000000 (borw)O oo
0do0oOO0dbDoO0o0ooO000bDoooooO0oooooooooOoosOO
OwOO0OOO (dominant) 0000000

gooboooooooooooooog:

Ry : bw, ww, bb, wb
Ry - wb, ww, bb, bw

[Figure 5.5: game form with arrows representing preferences.] 0000 O
000ooooooos0000DoOO0ooOooooooooooooon
00000[@0O000000000 PPO00000000D00O0000O000
0000000000000 0W [Figure 5.6] ||

gooopoooo 10000 20wO00O0O0DOO0ODO 2000000
0000000000 0DPY 0000000000000 0000N0N0Nno
gbooooogooboo

gog.gboog Dg=<Dg>GEgDDDDDDDDDDDiGNDDDDD
O (no-rights relation, 00000 0)E;, 00000000: 000 2, ye X
googono
2By < 3G € G i ¢ G & zDgy].

00:0000000000000 (2,y)0000000000000000
000000000000000000000000000040 (y,2)00
0000000000 (0ooooo)ar

O00. 00000000 (00D GNGE =0)0000000 G,G'00
O0xDgy, xDery0 Do OO0O0O0O0OO0O00DOOOODOOOODOOOO
0ocoboodo bgOOO000DOOCDO Dey0O0O0O0DODOOODODOOO

"01000000000000000000000000 zEy0000 yE,2000000
oooooooooooboo0ooooooobbooooooooOoOobbooooooo
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00.004:000000 R, €eRO0D000DY00DO0O0OODOODO
(privately oriented) O O :

Vo,y € X [zEy — xLy].

If ¢ has no right over (x,y) (that is, if some group not including i has a
right over (x,y)), then i should be indifferent between z and y. ({0000
goboooobobobooooooboooooboooooooooboooao
000) [Figure 5.7]

00.000000000 1000000000000
bbI1bw Pywbliww.

[Figure 5.8]
00O Yes.

gb.00b00000o0o0boo0oooboobooooboboooooon
ooboooooobooobooboboooooon:

00. 00oDoooo Cc:FxPV - FO000000000 (the strict
Pareto condition) 0000 O0O:

Vz,y € X VR=(Ry,...,R,) € PV
{l(vie N zR;y) & (3j € N zPjy)) — VA€ F (r€e A—y ¢ C(A R))}.

That is, if everybody likes = at least as much as y and somebody prefers x
to y, then y should not be chosen when z is available. [J 0000 0 y 0O
000000000 x:0y000000002:0000000000000
O000yOO0OO0OO0OOODOOOO]

good. ooobobobbbbobbodooooooobboobobo
obodbVvie NzPyOUOOOD O yUOOOOOOOODODOODOODO
000000020 y0000000000000O00O0000 (x strictly
Pareto dominates y)0 00 00O

goodbbbzs0y0oobbbO0o0ooobbbooobbooobo
ooo0bb0z0y000000000O0OC0O000O0O0OOOCOOO0ODODOO
0020y0000000000000 [(Vi€ N zRiy) & (3j € N 2Pyy)] O
0000000020y 0000000000000000000O (a weakly
Pareto dominates )00 0 00 ||
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O0. 0000000 C:FxPN - Fr0000000000O000O00OO0
coooooooooooooooooo

gobogboooboobooboboobooboobooboboon
googboooboobooboooobooboobooboboobo
ugboooobooooonbo

00. (Hammond [6, Theorem 1]) 00000000 QcPNOO0O00OO
00000000000000000000000000 p000o0on
000000000 O000000oOooC:FxPYN - F00000000
000D0000CDO QUOODOODpYoooooo

Proof (Exercise). Suppose that for any profile in Q, each individual
has a preference that is privately oriented. Suppose also that C' satisfies the
strict Pareto condition.

To show that C respects DY for Q, suppose that xDgy and zP;y for all
i € G, for a profile R € Q. [We want: xPCy. See the redefinition (5.1) of a
rule respecting a rights profile. ]

Let j ¢ G. Then, since xDgy, it follows that xE;y by the definition of
no-rights relation. This implies, since R; is privately oriented, that zI;y;
hence zR;y.

We now have obtained that

e if i € G, then zP;y; and
e if i ¢ GG, then zR;y.

Hence x weakly Pareto dominates y. Since C' satisfies the strict Pareto
condition, it follows that zP%y. (Note that P y is equivalent to the
expression VA € F (z € A — y ¢ C(A, R)).) This is what we wanted to

prove. |}

5.4.2 UOU00O0OO0OOOOOOOOO

0000000000 0000000000O00000 (noncooperative
game theory) 00 000000000000 0OOODOOOO (19990000
00000)0000000000000000000000000O0O00
googobobbobooooouobbbbooooooo

01.12000000000000 (The Prisoner’s Dilemma) 00000
ubooooboooocoboooon
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ooo
oo oo
oo1 00| -1,-1] —9,0

oo | 0,-9 | —6,—6

000000 (strategicgame) 00000000000 (S1,...,Snjuty...,uUp)
ood:

e JON={1,...,n} (00000 (players) 1O O)

e J000DDOUOOUUD:0DDOUOUD S; (DO0ODDDO0OUDODOO
(set of strategies))

e JO00ODODOOD;00D0ODOODOOO w851 %x---x8,—R
(00000400000 (utility function)D00O0O000O00OO (payoff
function))O 8

0000 (uooooog) (sy,...,8,) 0000000000000 40
000 wi(s1,...,8,)000000000000000000O Sy x---%xSy,
obooooboooooooboooon

0.000000000000000S8,=%=0000000000
0000000000000000000000 «WO00mMmooo = -9
O0w,00mMOoOD=o00 |

oboo0o.200000000000000O0C0O00OO0O0OOO0ODOOO
0000000000000 (D00oUo0)oooooUoOoUoOoUOoOoo
00000000 (0o0D0O0U0o00)00D (Do0oU0)0DoD0oDUoOOo0
0000000000000 0000D (DD0O000, game form) 0000
000 (mechanism) 00000000 20000000000000000

gogbgoboooboboobobooboobog:
goooog

oo oo
ooooo1 o0 (oo oo

oo (oo oo
OoooooOoooooooooo |

000000000000 10000000000000 (dominant strat-
egy): (00 200000000000)00 1000000000O0O0ODOO
gboooooooooooo200000000000000000D0000

800 Sy X -+ x Sn:={(51,---,8n) :51 €S1,...,8p €S} 000 81, ..., 8,000
(direct product) 00 O0000OOD0O0OOO (s1,...,8,) 000000000 (strategy profile)
ooood
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0000000 (00): i0000000000000000 8 x---x
Si 1 xS x---x8,)0S,000000 s_,000000000040

O0000s_9=(s1,83,54)0 (55, 8-2) = (81, 5, 83, 84)0 s, = (s7, 85, s5)0

00.000000 (Si,...,Smu1,...,u,) 0000000000000
00000000oooo0o00ooooooonn s;es; ooo SéESiDD
00000 (strictly dominates) 000: 0000 s—, €S, 000000

wi(8i,5—:) > ui(sh, 5-4).

00 s, €5, 000:¢00000 (dominant strategy) 00000 Os; O sy
goooooooo S;ESiDDDDDDDDDDDDDDD[DDDDDD
DDDDDDDDD]

0000.20000 (S1,8;u1,u2) 0000000000 1000 s; €5
0000001000 sfes000000000000O00DO0OOO0O0
O0: 0000020000000 seeS; 000000

uy (8], s2) > ui(sy, s2).
gdboooobooboobouoboob 1oboobbooboo 100D
googooog:
wl00MO000>w000moon
wl00MO000>w000moon

O. 000000 (0D0D00OO0; Battle of the Sexes; Bach or Stravinsky)
000000000000 0ooo0o0ooUooO(COo:-00oo):

oo
Bach | Stravinsky
oooo Bach | 2,1 0,0
Stravinsky | 0,0 1,2

e JJUODOBachDODDOODDOOODODODDOODDOODOOODOO
O0000OBachOODODODOOOO(@UOUOBachDOODOOOUODO
00000000000 (best response) D0 BachOOOOOOO0OO)

e J10ID0UODUODOBachOODOODOODODOODODOOOODOODO
OO00O000dboOBachDOOODOOODO
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e J0I0OOUO (s,¢)00000U00ODODUUDOOUOUDODOODOOUDO
0000 (D00 s0Od0000000000S 0 sO0000D0UOO
0) 000000000000 (Nash Equilibrium) 000000000
ooooooooboobooooboboooobooobooboooooDn
gooobooobooboobooooboobooobog

OBach, BachO OO DOOOOODOOOOODODOOO

O Stravinsky, StravinskyDO OO O OO O0OO0O00O0O0O

e J0ODOUOODODOODOODLU

00. 000000 (St,...,8u,...,u,) 0000000000000

0000i000s € 50000000000000 s—; = (S1,.-+,Si—1, Sit1s- - -

000000000 (best response) 0000000000 s, € 5,000
ogo
wisi,5-i) > ui(s},5-4)

gboooog

O000.20000 (S1,55u1,u2) 0000000000 1000 57 €5
0000002000 s € S 000000000000 000O0O00O0OO
$/€8, 00000

uy (s, 82) > u1 (s, s2)

oooooo |

O 0. Battle of the Sexes 0000 O0BachDODOOOOOOODOOOO
00 (best response) 00BachD OO OOOOOOOOOOO

00.00000000 s*=(st,...,s:) 0000000 (Nash Equilib-
rium) 000 000000000000040000000 s¢000000
0000000 sk = (s],..,8_1,851,.--,5,) 00000000000
oooo

ob.0ooo0oo0oboboooboob 20000b00obOobDOobooboOoo
goooooooor? o0 200000000000000000000O
goo?o000000O000O0oOO0O0O0OoboOoO?OooOooOOOoOooObOOoOoon
oood

00000 :0000000000000000000000000000
O s_=(s1,...,8i-1,84+1,...,5,) 0000000000000
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5.5 UUOOouoobooboooood

Nozick [11,12]000000000000000000000000000
0(00000000000000000000000000000000
0000000000000000000000000000000000
000000000000000000000000000000

0000000000000000000000000000000000
000000000000000000000000000: 000000
0000 AeFOOOOOOOOO0O00O0O0 (game form) Ty = (Sa,94)
000O000000000000

[ SA = HieNSiA = SIA X - X SnA
e 5;,000+00000 (0DD¢0D000ODOOOODDOODONO)

e JO0OODODODO (outcome function) g4 : S4 - AD0D0O0O0DOOOOO
Os=(s1,...,5,) €S4 000000 (00D0) gua(s) eA0DO0DODO

gogog:

e JDOODLODOODODODLDLODODLODLODLODOODOODLDOODOO
oobO0oooooooooooooooooboooboooboooobn
oobOoobobOoobooobooobobooobooOoboboooooogoon
gbobobooooobooooobboobooobobobobbon
gooobooobgo

e 100DUI0ODUDOUDOUILDDOUDDUD (OO [2400)0ODO
ooo0:0000000000D0D0DO S,000000D00000000
gboboooobboboooobob.-boboobobobob
obooOoobooboobooobooocboobooooooboooon
U ooobooOooooooboboooboobooobobOOooomo
gobobooobboooboboobboobobooobbooon
gboogooboooboobooboooobooboon

e JOOO0ODODOOOODOOODODOOOODOOOOODOOODOOODO
gboboooboobooooboboboboooobobooon
googoood

00. 0000 DY = (Dg)geg 000DOO0 AC XOOOODOOODOO
00000000 T = (Sa,94)0 DY000O00000O00 (libertarian)(O
O00p000000000000O:

Va,y € AVG € G {xDgy —
Vs € Sa [y = ga(s) — 3si € [[ Sia (z = galsg, s-6))]}-

i€G

20



s € TlieSia0 GOOOOODOODOO000 s_¢ € [[iggSa0 GO
0000000000000000 N ={1,23,4}0 G ={1,4,0000
s = (81,84) € Sia x Saals_q = (s2,83) € Saa x S3a0 (si,5-¢) =
(s],82,83,54,)00000 s =(sg,s—¢)0000O0] That is, whenever zDgy,
the group G has the power to change the outcome from y = ga(s) =
ga(sa,s—q) to © = ga(sy,s—q), no matter what strategies s_g may be
chosen by the individuals outside the group. [tDey 0000000 y =
ga(sg,s—¢)0 0000000000000 O00 GOOO s 00000
00000000y00000 2=ga(sg,s-¢)000000000000]

e J000O0O0ODOOOOODODOOOOODOOOOODOODODOODO
OO0000D0O0000000D0 2DgyO00D00O0¢eGOOO0O zPy
000000 zeA00DDOO0yODOOO0ODOOODOOOODO
oo00ooo00ooo0o0DooO0oDooOo0oDOobo0O0DGEL yO 20O
000000000000 00000ooo({ooooUooooo
000000000GUOOU0O00O0O0O0ooUoooo)0oooo
oooooooboooooboboooobooobooooooo

00. 00000000 (Sa,94)0 D0000000O00 @0 (a
libertarian) 00 00 00000000000:

Va,y € AVG € G {xDgy —
35 € [ Sia Vs € Sa ly = gals) = v = galsi. s-a)]}-

i€G
g00oooooooooo pO0DO0O0U00DODOD «ODOOOOO
go0oo0ooOoOoooOo0ooboooOoOooboooOooooogooooo?

00.N={1,2}0 A={a,b,¢;00000000 DY = (Dyyy,Dizy) O
(b,c), (c,b) € Dk 0000000000000 00000 (Sa,94)000
0000000000:

Player 2

0 1

Player 1 0 | ¢ b
1] a b

0000 (Sa,g4) 0 DY000000O0OOO0DODDooO?

gb.gobogooooo R=(R1,...,Rn)ERNDEIEIEIEIEI AOOOO
00000000000000 s€8S,0000 (Sa,94,R) (0000000

o1



O (Sa,94) 000000000 ROOUODUDDOD) 0OG-000 (G-strong
equilibrium) 00 000: 00000000 GegOOOOO SIGEHieGSiA
oooooooooooooo:®

Vi € G [ga(sg,s—c)Piga(sa, s—c)]- (5.2)

A strategy profile s is a G-strong equilibrium of (S4, ga, R) if for each coali-
tion G € G, its strategy s¢ is an efficient response to s_q. 000000 G
00000000 s, 0000 sO00O0D0O0O000000O0DO0OO000O0
ogoooooooo

00. (Hammond [6, Theorem 4)) 0000 DY0000000000DO
000000 ACXO0U0O0O0OO0OO0O0O0OO0O0OO0O0OO (Sa,g94)0 pYooon
000000000000000000000000 C:FxPN - F0O
(000000000 ACXOOODOODOOOOOOODOO0ODO RePNOOOO
oyooto

0+ C(A,R) C U {ga(s)} (5.3)
sd (SAagAaR) uguood

00000000COO0000 DY 000000 [Figure 5.9: the triangle

with vertices PV, A, S4; inclusion is indicated]

e 00 (53)0
1.000CO00000000000¢-000 (00000)0000
00000000000000000000000000000
00000000000000000000000000;
2.0¢-0000000000000CO0000000000000
000000000000000000000

e JOOO0ODODODOOODOOODOOOOOODOOODOOODOOODO
obooooboobOoooboooooboboooooooboooboon
ooooo

e JO0OIDOOOOOOODOOODOOODOODODDOODOOODOOO
oooooooobooobooooboooobooobboooboooobo
gboobboboooboboobobooobooobooboooooo
gooobooboobooboooobooboobooboon

00 GOO0000000000 0000 ga(sh,s—¢) 0000 ga(sg,s—g) 000
00000000000000000000000000
1000 (5.3) 000000000000 (Sa,94,R) 0 G-00000000000000
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Proof (Exercise). Suppose that the game form (S4,g4) is libertarian
with respect to the rights profile DY. Suppose that a social choice rule
C : F x PN — F satisfies the condition (5.3) but it does not respect the
rights profile DY. We will derive a contradiction.

Since C does not respect DY, there exists a coailtion G € G such that
C does not respect the rights relation Dg. Thus there exist alternatives x,
y € X and a preference profile R € PV such that 2Dgy and P,y for all
i € G, but for some agenda A € F, z € A and y € C(A, R).

Since y € C(A, R) and

cARC  |J  Agals))

s is G-strong

by condition (5.3), it follows that y = ga(s) for some G-strong equilibrium
s=(sa,s-c) € Sa. [Details. y € C(A,R) and C(A, R) C J,{ga(s)} imply
that y € (J,{ga(s)}. Then y € {ga(s)} for some G-strong equilibrium s.
Then y = ga(s).]

Since the game form (54, g4) is liberatarian with respect to DY = (D¢ )geg
and xDgy and y = ga(s), there exists a list si; € [],c Sia of strategies
such that = ga(sg, s—g). Since z Py for all i € G, we have (by rewriting
x and y) that

Vi€ G [9a(sg: s-c)Piga(sa, s-c)).

This means that s is not a G-strong equilibrium (see condition (5.2) in the

definition of a G-strong equilibrium)—a contradiction. [

5.6 UUOOLOOOOO

e ]JIUODUODDOODODUUD (OODUULULDDO)OUDOOO
000000000000 (Oooooo0oooooUoooo)ooo
gooooooooooboboooooo

e JO0000O0ODODOOCOOODODOODODOOOOODOODODOOO
gbobobobobooobgobobobobobobobooogoon
googooboogo

e JOO0OU0DOOODOODODOOOODOOOODOOOODOOOODOOOO
000 (00D0)00000000 (DOoD00D0O0O0DDoO00OO0Oo
000000000 o0o0o0o0oooO)DoUoooooooOoooo
oobO0ooboooooooooobooo:- 000000000000
0000000000 (DOo000o000o0oU0oooDoUoOoUoOoOo
o00)oooooo
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e 0000 DOULDOODODODOLODODODOODODUODOODO Pat-
tanaik and Suzumura (1992) 0 0000000000000 0O0OOOO
O00000: 000000000 (000)zeXOOOOOO (OO
0000000000o0oO0)rooo00oooooood (e0) 0
0000000 (2,D)Qi(2,IVYDD0OO0OD0O0 ¢000000OOTO
0000000 0000000000000 MOOODOOOOO a2
ooboobooooboooboboOooooobooboooooooon
0000000000000 0000o00oUoUoU0U (D0DO0oo
0000000o0o0ooUoUoO0n)D0o0DoUoo0ooUoUoo
gboocoooboooooooboooooon

e J0U00OUDO (ODDOOOO)ODUOUDUODUDOUOOODUDO
gobobooobbooobboobbooobbooobooon
obooooobooooobooboonog

Hammond [6)J 0000000000000 0O0O00OO0O0OOOOOOO
000000000O0O00OoOoOoooooot

00.00000 Ae FOOOOOOOOO D= (Sa,g4)000000
000r,000000000000 (the rights structure induced by I'4) O
00000000000000 Dg:=DA 00000000 (De)acny O
00000: 000000 2,y ADDDOOOODODOD GUOOOO2Dgy
oooog:t?

Vs € Sa [y =ga(s) = 3sg € [[ Sia (z = galsts-))].
i€G
xDgy requires that group G has the power to change the outcome y into
the outcome x on its own, no matter what strategies individuals outside the
group choose. [tDgy O0U00O0000 GO (DODODODOOOODOOOOO
00)0000000000000O000O00000 yOOO 2200000
0ooooo]

e IO00DOO0OODOOOODOOOODOOODOOOOODOOODODOOODOO
ooooon

e JO0OD0DDOOOODOOOULDOOLODOOUODOOUODOODOOOODO
0000000000000 00U0O0 (Dooooooooooon)
oooooao

HHammond (5] 00000000000C00000000000000CC0O0O000O0C0O0O
oooooooooo
1200 3seSaly=ga(s))0000O0DOOODOOODOOODOODO
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e JIDODODOOOODODOOOODLODODLODLODODOOO
gooobooobgo

000000000000 000O00U0oooooooooooo 6o

Hammond 6|0 000000000 (¢, 00000O0O0OOOOODO
oood

1.0000 z0O

2.00000000Tr000000000000 (DY)een

gboooboobboobobooobooobooboooboooboobogn

e JOO0O0OOODOOOODOOODOOOOOODOOODOOODOOODO
000000000 (2,09 0000000000000007

(00)000O0 pPS00000D0 (¢,y) 0000000000000
00000000000000 (0000000000000)000
00000000000000000000000000000000
000000000000

(00)0DO0O0O0O0O0O0UOOO0O0O0O0OUOUOO? UOUOOOOOOOO
ocooooor»oo000oboobo0oOoooobooOooooDbboooo
gooooooooooboobooogoobooo

5.7 0000

00000000000 Hammond [6] 0000

000000000 0000o0oOo 23|00000

gogbooboooboboobooboooo

0550000000 «00000000OC00ODO pOoOb0O0ODOOOOOO
000000000 effectivity functions 00 0 0 0O O O O Gérdenfors [3] U
goodobbbboooooobbbodoooobbbboooooboo
00000 Effectivity function D00 O00OOO0O0OOO0OOODOOODOOOO
gobo0oboobooboobooboobboobooooboboboooo
gooobooooobbobbboooooobobbbboooooobo
0000000000000 0000000000000000OPeleg [14]
O effectivity functions 000 OO0 OO OO Gadenfors 00O OO0OO0O0O
0000000000000 00U0o00oo00 (oooUoooooo
000000000000 00000000 PelegO OO OOoOoooooO
00000 (D0oooUOo)oUooooooo

Effectivity functions 0 0 00 Moulin and Peleg [10]0 Moulin [9]0 Pe-
leg [13]0 Abdou and Keiding [1]0 Ichiishi [7] 000000
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